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Abstract 



We consider a reduced model of four- dimensional Yang-Mills theory with a mass term. This 
matrix model has two classical solutions, two-dimensional fuzzy sphere and two-dimensional 
fuzzy torus. These classical solutions are constructed by embedding them into three or four 
dimensional fiat space. They exist for finite size matrices, that is, the number of the quantum 
on these manifolds is finite. Noncommutative gauge theories on these noncommutative 
manifolds are derived by expanding the model around these classical solutions and studied 
by taking two large limits, a commutative limit and a large radius limit. The behaviors 
of gauge invariant operators are also discussed. 
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1 Introduction 



After the discovery of the D-brane, our understanding of string theory has changed 
drastically. The development of D-brane physics |l|, leads to several proposals to formulate 
nonperturbative aspects of string theory. One of the notable properties of D-branes is that 
a system of N coincident D-branes has collective coordinates which are described by x 
matrices and low energy dynamics of D-branes are described by U{N) supersymmetric gauge 
theories. This idea leads to several kinds of matrix models which have been proposed for the 
constructive definition of string theory or M-theory[^, IIB matrix model ^ is one of these 
proposals. It is a large A^ reduced model of ten-dimensional supersymmetric Yang-Mills 
theory and the action has a matrix regularized form of the Green-Schwarz action of IIB 
superstring. 

In the matrix model, eigenvalues of bosonic variables are interpreted as spacetime coor- 
dinates and matter and even spacetime are dynamically emerged out of matrices]^, ^, 0. 
Therefore noncommutative geometry appears naturally from the matrix model. The idea 
of the noncommutative geometry is to modify the microscopic structure of the spacetime. 
This modification is implemented by replacing fields on the spacetime by matrices. Yang- 
Mills theories in noncommutative space is first appeared within the framework of troidai 
compactification of the matrix model [Q. In string theory, it is pointed out that the world 
volume theory on D-branes with a constant NS-NS two-form background is described by 
noncommutative Yang-Mills theory [Q. It was shown |10|, pT| , |12| that noncommutative Yang- 
Mills theories in flat backgrounds are obtained by expanding the matrix model around a 
fiat noncommutative background. Fields on the background are appeared as the fluctuation 
around the background from the matrices. This implies the unification of spacetime and 
fields. Lattice version of noncommutative gauge theories is formulated in [|13|, |1^ . 

The IIB matrix model has only flat noncommutative backgrounds as classical solutions. 
To describe a curved spacetime and a compact spacetime is one of the important problems 
in matrix models. In our previous paper |TB], we treat a two-dimensional fuzzy sphere in a 
matrix model and show that expanding the model around the fuzzy sphere solution leads 
to a supersymmetric noncommutative gauge theory on the fuzzy sphere. Although ordinary 
matrix model does not have a fuzzy sphere as a classical solution, adding a Chern-Simons 
term to Yang-Mills reduced model enable us to describe a fuzzy sphere as a classical solution 
and a noncommutative gauge theory on it as discussed in |T^. Owing to the extra term, 
the matrix model can describe a curved spacetime. In |T6[, A^ D-branes action in nontrivial 
backgrounds is considered and Chern-Simons term appeared from DO-branes action in a 
constant RR three-form potential. Owing to the Chern-Simons term, DO-branes expand 
into a noncommutative fuzzy sphere configuration. However, it is not well understood how 
the extra term is generated from the IIB matrix model. 
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In this paper, we treat a fuzzy sphere and a fuzzy torus in a matrix model by the same 
manner as in [TT|, . We start with a bosonic matrix model which is given by 



S = -\Tr Q [A^, A,] [A^ A^] + X'A.A^^ . 



Afj^ are N x N hermitian matrices. A is a dimensionful parameter which depends on A^. This 
is a reduced model, which is obtained by reducing the spacetime volume to a single point p, 
of a four- dimensional bosonic Yang-Mills theory with a mass term^. This model possesses 
5*0(4) symmetry and gauge symmetry expressed by the following unitary transformation, 

A, ^ UA^Ul (2) 

This model does not have translational symmetry of because of the mass term. In spite 
of this shortcoming, this model has an interesting property. The equation of motion of the 
action (P is given by 

[A„ [A^, A,]] + 2A% = 0. (3) 

This equation of motion f\ has two classical solutions with different topology. One is a two- 
dimensional fuzzy sphere and the other is a two-dimensional fuzzy torus (These solutions 
are explained in section 2 and section 3 respectively). Both solutions are constructed by 
embedding them into three or four-dimensional flat spacetime. Flat backgrounds do not 
exist for finite N, while sphere and torus Q backgrounds can exist for finite A^. In the matrix 
model picture, N represents the number of the quantum on the backgrounds ( or the number 
of D-instantons or D-particles) . As a fiat background with infinite extent has the infinite 
number of the quantum on it, it does not exist for finite A^. On the other hand, since the area 
of compact backgrounds is finite, the solution of compact backgrounds can be constructed 
for finite A^. 

The goal of this paper is to consider a curved spacetime or a compact spacetime (a 
noncommutative sphere and a noncommutative torus) in matrix models. We show that 
expanding the model around classical solutions leads to noncommutative gauge theories on 
the solutions. 

This paper is organized as follows. Section 2 and 3 are devoted to the analysis of the 
noncommutative gauge theories on the fuzzy sphere and the fuzzy torus respectively. Section 

^ We now comment on the mass term. This mass term corresponds to a negative mass. Therefore we 
cannot avoid an unstable mode which is originated from the negative mass term. 

•^This type of the equation of motion is considered in in the context of the BFSS matrix model. To 
find solutions of this equation is related to the problem of embedding a compact two-dimensional surface 



into a three-dimensional sphere] 18 . 

Another construction of torus is to impose a periodic boundary condition in a flat background|^, |T^. 
This construction make us introduce infinite copies of the original matrices. Therefore we cannot construct 
for finite N. 

Similar analysis in a tube configuration is shown in |po|. 
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2 is based on our previous paper |T^. The relation between the model considered in the 
previous paper |T^ and the model used in this paper is also discussed. Construction of 
a noncommutative torus in terms of unitary matrices is well known. As the eigenvalue of 
unitary matrices are distributed over S*^, compactness is naturally described in terms of 
unitary matrices. In section 3, we construct a fuzzy torus in terms of hermitian matrices by 
dividing a unitary matrix into two hermitian matrices. To investigate the noncommutative 
gauge theories on these two noncommutative manifolds, we consider two large limits. One 
is a commutative limit and another is a large radius limit. The first limit gives ordinary gauge 
theories on a commutative sphere and a commutative torus. On the other hand, the second 
limit gives a noncommutative gauge theory on a noncommutative flat space. Although 
these two gauge theories are same from the matrix model point of view, two large A^ limits 
distinguish these gauge theories. We observe the difference of the symmetry {S0{3) versus 
S0{2) X S0{2)) by taking a commutative limit. In section4, the behavior of gauge invariant 
operators on a noncommutative sphere and a noncommutative torus is investigated. Section 
5 is devoted to summary and discussions. 

2 Noncommutative gauge theory on noncommutative 
sphere 



In this section, we treat a noncommutative sphere. The fuzzy sphere 21, 22, 23, E3 



25| , |26| , |27| , p^ , p9| , |30| can be constructed by introducing a cut off parameter A^ — 1 for 
angular momentum of the spherical harmonics. The number of independent functions is 
E|Io^(2/ + 1) = Ar2. Therefore, we can replace the functions by A^ x A^ hermitian matrices 
on the fuzzy sphere. Thus, the algebra on the fuzzy sphere becomes noncommutative. 

A noncommutative gauge theory on a noncommutative sphere is considered in our pre- 
vious paper Chern-Simons term is added in this case. Since the construction of the 



noncommutative gauge theory is parallel between Chern-Simons term case and mass term 
case, we mainly follow our previous paper|jl5|. A noncommutative sphere is constructed by 



embedding it into R'^. It is represented by the following algebra. 



[xj, Xj] — iaeijkXk {hj, k — 1,2, 3), 

X4 = 0. (4) 

= ^fj. satisfy if we set = a^. Indices i, j, k are used for 1, 2, 3 and /i, z/, r for 1, 2, 3, 4. 
We impose the following condition for Xi, 

xiXi + X2X2 + xsXs = p"^ . (5) 
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This solution preserves S0{3) symmetry. In the a — > hmit, Xi becomes commutative 
coordinates xf. 

Xi = p sin 6 cos (j) 
X2 = p sin 6' sin 

X3 = pcos9, (6) 

where p denotes the radius of the sphere. The metric tensor of the commutative sphere is 

ds^ = p^d9^ + p^sm^9d4>^ 

= p^gabda^'da'. (7) 



Matrices Xi can be constructed from the generators of the iV-dimensional irreducible repre- 
sentation of SU (2) as 

Xi = aLi (8) 

with 

[Li, Lj] = ieijkLk- (9) 
The radius of the sphere is given by the quadratic Casimir of SU (2) as 

P' = (10) 

The Plank constant on the fuzzy sphere, which represents the area occupied by the unit 
quantum on the fuzzy sphere, is given by 

47rp2 N^-l_ 2 



N N 



7Ta\ (11) 



Now we show that an expansion of the model around the classical background (H) by the 



similar procedure as in [IC, 11 1 leads to a noncommutative Yang- Mills on a fuzzy sphere. 
We first consider U{1) noncommutative gauge theory on the fuzzy sphere. We expand the 
bosonic matrices around the classical solution as 

Ai = Xi + apdi = ap{— + Sj) 

P 

= ap4) (12) 

di and are fields which propagate on the fuzzy sphere. A notable point is that the 
background Xi and the fields di and are dynamically generated from matrix Ai and they 
are treated on the same footing. 
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We first study a correspondence between matrices and functions on a spliere. Ordinary 
functions on tlie spliere can be expanded by tlie splierical liarmonics, 

oo I 

«(^) = E E (^In^Ylmin), (13) 
1=0 m=-l 

where 

Ylm = p-'T.ftl-a,^'''---^''' (14) 

a 

is a splierical harmonics and fai,a2,---ai is a traceless and symmetric tensor. The traceless 
condition comes from XjXj = . The normalization of the spherical harmonics is fixed by 

—Yi1^,Yim = — dip smedeYit^,Yi^ = 6i'iSm'm- (15) 
477 47r JO Jo 

Matrices on the fuzzy sphere, on the other hand, can be expanded by the noncommutative 
spherical harmonics Yim as 

N-l I 

a = E E (^IrnXlra- (16) 
1=0 m=-l 

Yim is a. N X N matrix and defined by 

a 

where the same coefficient as ([1^ is used. Angular momentum I is bounded at / = — 1 and 
these Yim^s form a complete basis of N x N hermitian matrices. From the symmetry of the 
indices, the ordering of ct corresponds to the Weyl type ordering A hermiticity condition 
requires that af^ = Normalization of the noncommutative spherical harmonics is given 

by ^ 

— Tr{Yi]^,Yira) = 6l>l6m'm- (18) 

Let us consider a map from matrices to functions: 

N-l I ^ N-l I 

S = E E aimYirn a{^) = E E aimYimi^)- (19) 

(=0 m=—l 1=0 m=—l 



This map is formally given as 



am = ^J2TriYld)YiU^), (20) 

Ini 



^ In ||l5[, normal ordered basis is investigated by a stereographic projection from a sphere to a complex 
plane and Berezin type star product is obtained. 
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and correspondingly a product of matrices is mapped to the star product on the fuzzy sphere: 



« * K^) = ^ E Tr{Ylab)YU^). (21) 

This product is noncommutative corresponding to the noncommutativity of matrices. The 
exphcit form of this product is calculated in Let us consider the product of the two 

spherical harmonics, Yim and V/'m'- We have required that the maximal value of / is — 1. 
This product is expanded by the spherical harmonics and it contains Yi+i>. We assume that 
is large such that / + /' does not exceed — 1. This assumption guarantees that the map 
(pop is one to one. 

We next study derivative operators corresponding to the adjoint action of Li. An action 
of AdlL^) is calculated as 

Ad{L3)d = E «im [Ls, Yim] = E aimrriYim- (22) 

Im Im 

This property and 5*0 (3) symmetry gives the following correspondence: 

Ad{Li) ^ Li = ^eijkXjdk. (23) 
The Laplacian on the fuzzy sphere is given by 

^AdiLyd = \j2airn[U, [Li,Yi^]] = J2 ^-^^^aimYim- (24) 

P P Im Im P 

We can rewrite Lj in terms of Killing vectors on the sphere as 

Li = -iK^da. (25) 
The metric tensor is also given in terms of Killing vectors as 

ga, ^ j^aj^b_ (26) 

The explicit forms of the Killing vectors are shown in the appendix. 
Tr over matrices can be mapped to the integration over functions as 

l.Tr(a) ^ I §a(ay (27) 

Let us expand the action (|l]) around the classical solution (||) and apply these mapping 
rules. The action becomes 
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+ ^^[— + ah(P\[— + ai,(p\) - p-- 



(28) 



'^9y_m J P P P 

~7r^ — ^ijk / dVt{{Liaj)ak + -[ai,aj\ak — -eijiaiak)-k 

9ym 

where Fij is the field strength on the sphere and given by 

= [— > %] - [— > «i] + «j] - -i^ijkdk (29) 

and this is mapped to the following function 

Fij{fl) = ^Liaj{fl) - ^Ljai{Q) + [ai{Q), aj{Q)]^ - ^ieijkak{fl) . (30) 

Gauge covariance of F^ is manifest from the viewpoint of the matrix model and F^ becomes 
zero when the fluctuations are set to zero. ( )^ means that the products should be taken 
as the star product. The Yang-Mills coupling Qym is deflned by 

Thus we have obtained U(l) noncommutativc gauge theory on the fuzzy sphere by expanding 
the matrix model around the fuzzy sphere solution and mapping the matrix model to the 
field theory. 

We have so far discussed the U{1) noncommutative gauge theory on the fuzzy sphere. A 
generalization to U{m) gauge group is realized by the following replacement: 

a is also replaced as follows: 

9 

m 

a ^ ^ a" ® (33) 

a=l 

where T"(a = 1, • " " > ^^) denote the generators of U{m). Then we obtain a U{m) noncom- 
mutative gauge theory by the same procedure as the U{1) case: 

S = --r^tr I dn{FijFij + + ai, (()][— + a^, 0] + ^0")* 
^9ym •' P P P 
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--^^ — ^ijktf J d^{{Liaj)ai: + ^[ai,aj]ak — -eijiaiak)i, 

(34) 



9ym 

where tr is taken over m x m matrices. 

We next focus on the gauge symmetry of this action. The action (|Tp is invariant under the 
unitary transformation @) . Gauge symmetry of noncommutative gauge theories is included 
in the unitary transformation (|^) of the matrix modeL For an infinitesimal transformation 
U = exp(zA) ~ 1 + zA in (H) where A = J2im ^imXim, the fluctuation around the fixed 
background transforms as 

cii-^ cii- -[Li,X]+i[X,di]. (35) 
After mapping to functions, we have local gauge symmetry 

ai{n) ai{n) - ^LiX{n) + i[X{n), ai{n)]^. (36) 

Let us discuss a scalar field which is a normal component of Sj. Three fields fi-j are defined 
in three dimensional space and contain a gauge field on S"^ and a scalar field as well. We 
define it by 

= ^{xiCii + CLiXi + apcLiCLi). (37) 

It transforms covariantly as an adjoint representation under the gauge transformation 

^ + i[X, (p\. (38) 

Since the scalar field should become the radial component of in the commutative limit, a 
naive choice is (^o = {xidi + aiXi)/2. For small fluctuations this field is the correct component 
of the field Sj but large fluctuations of cij deform the shape of the sphere and 0o can be no 
longer interpreted as the radial component of cij. This is a manifestation of the fact that 
matrix models or noncommutative gauge theories naturally unify spacetime and matter on 
the same footing. An addition of the non-linear term didi makes (f transform correctly as 
the scalar field in the adjoint representation. 



We now consider a commutative limit. From ([iTD , the commutative limit is realized by 



p = fixed, gYM = fixed, N oo. (39) 
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In the commutative limit, the star product becomes the commutative product. The action 
becomes 

^9ym J P P , 
^eijktr I dQ{{Liaj)ak + ^[ai,aj]ak - ^eijiaiak) 



9ym ' 



(40) 



Since the noncommutativity deforms the shape of the sphere as explained in the previous 
paragraph, the scalar field cannot be separated from the gauge field. In the commutative 
case, however, the scalar field if and the gauge field are separable from each other as in 

pa^in) = = KtKm + %{Sl) (41) 

where i = 1, 2, 3 and a = 6,(f). ha is a gauge field on the sphere. The field strength is 
expressed in terms of the gauge field ha and the scalar field ip as 

F,,(fi) = ^K^K'Fab + \eijkXk^ + ^x^K^Da^ - ^XiK^aV (42) 

pZ J pZ pZ pZ J 

where Fah = \dahh — \di,ha + [&a, and Da = \da + [ha, ■]■ The action in (^0[) is also rewritten 

as 

S= --TY-^t^ I dn{K^K!>K^KfFabF,, + t2K^K'^Fabei,k-^ 
^9ymP •' P 
+2KtKl{Da^){D,^)-2^^ 

+2p^K^K^{Da(p){Dk(P) + 4p202 

+Ap'K^^iDam^, 0]) + v^^(b, m 

-TT^-^tr I dn{te,,kK^K!;Fak-^-^'') 
'^9ymP •' P 

= --r-2 / dniFatF'^' + 8t—Fab^ 

^9ymP J V9 

+2{Da^){Dy) - Sif^ + 2p\Da<j)){D^<j)) + Ap^<j)^ + 2p\[^, 0])^) (43) 



where e^"^ = —e^^ = 1. The gauge transformation (|36|) becomes 

ha-^ha- daX 



for U{1) gauge group and 

ha-^ha- daX + i[X,ha] 



(44) 
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0^0 + ^[A,0] (45) 

for U{m) gauge group. For U{1) gauge group case, (^Sf ) is simplified : 

1 r f°-^ 
S = --^ ^ / dQiF^.F'^" + 8t—F,k^ 



+2^A^ - 8(^2 + 2p^cf>A(f) + Ap^(f) (46) 



wliere 



^ = -—.-M-0-)^-^— (47) 



sine de^ de' ^ e\ , 

is the Laplacian on a unit sphere. The scalar field has a negative mass term. This negative 
mass term is originated from the mass term in the action (|I|). Since A ~ l[l + 1) respects 
S0{2>) symmetry, this action is 5*0(3) invariant. 

Let us investigate another large limit with a fixed. In this limit, the radius of the 
fuzzy sphere becomes large and the noncommutative sphere is expected to become a non- 
commutative plane. By virtue of the 5*0(3) symmetry of the fuzzy sphere, we may consider 
the theory around the north pole without loss of generality. Around the north pole, can 
be approximated as L3 ^ {N — l)/2. By defining L[ = ^ j^Li, the commutation relation 
(D becomes 

[L[,L',]^t. (48) 
By further defining x'^ = aL[ and p'^ = a"^eijL'j = 1, 2), we have 

[^'1,^2] = [p'l'py = WvP'j] = (49) 

and 

/2 ^/^/ 2 2 N+1 2 N 2 

p = XiXi = j^—^p = " ~ • (50) 

In the coordinates of x'j, the Plank constant is given by 

27ra\ (51) 



4V^ 2 

1^ O ..■i 



N 

We take the following limit to decompactify the sphere around the north pole, 

a = fixed, p' — oo (A^ — > oo). (52) 
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a-kb which is defined in (^) becomes the Moyal product a-kM b because of ( |i8| ) and the 
Weyl type ordering property in (|T^. The following replacement holds in this limit, 

Lrr ^ [—= [ = [ (53) 

and the rotation around the 1(2) axis corresponds to the translation in the 2(1) direction 
around the north pole, 

Ad{p[) = ^e,,AdiL,) ^ {t = 1, 2). (54) 
P ^ 

We can regard 03 as the scalar field cp around the north pole. Since the mass term in the 
action (P drops in this limit, the action becomes 

Sb = --^TrdLi + pai,L2 + pa2]^) + —^Tr{p0[Li + phi, [Li + pcii, p0\]) 



^ ^ ^ ^ 

+^r^(p0[^* + pai, [Li + pai,p0]]) - —Tr{\p(\),p(p\\p(\),p(p\) 



a 



4 



where we have defined = yjj^a'jeji = 1,2), (p = y j^^p' and = \J jj4>' ■ This action 
can be mapped to the following field theory action, 

Sb = / d'x'F,2ixy + / d'x'iD,if'{x))iD,if'{x)) 



+ f dV(A0'(x))(A0'(x)) + / d'x'[<P',^'][<l)',^']},, (56) 



where A = \dl + [a'j, ■] and F12 = \d[a'2 — ^d'2a[ + [0^,02]*. It is found that the Yang- 
Mills coupling is Qym = ing'^/N'^a^. We thus obtained an action of a gauge theory on a 
noncommutative plane by taking a large limit with noncommutativity fixed from a gauge 
theory on a noncommutative sphere. 

The gauge transformation (pSf) becomes 



a'j(x) a[{x) — dlX{x) + i[X{x), a-(x)]^ 
!f'{x) (f'{x) + i[X{x), f'{x)]^ 

<P'{x)^(P'{x)+i[\{x),<P'{x)l. (57) 



In our previous paper [|l5l, we consider a matrix model with Chern-Simons term. Before 



finishing this section, we remark on a difference between CS term and mass term. Action 
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which is used in the previous paper is 



S = ^Tri~[A,A,][A\A^] + '^lae^.^A'A^ A'). (58) 



S' = -Tr{-tae,,kA'A^A' + a^AA,) (59) 



The difference is given by the following action, 

—Trip 
9 3 

and it is mapped to the following field theory action as 

S' = — eijk / dQ{{Liaj)ak + -[a^, a^jafc - -eijiaia^)^ + r-^ ^. (60) 

9ym 6 z '^9ym P 

This represents a gauge invariant coupling between the gauge field and the scalar field. 
(Gauge invariance is manifest in (0).) In the commutative limit this becomes as follows 



9ymP 

1 ^ ab 

= 2 / dn{t—Fab^ - <^2). (61) 

In considering a field theory on a sphere, we may add a term of this type because gauge 
invariance is not lost. While a matrix model with Chern-Simons term leads to a supersym- 
metric gauge theory on a fuzzy sphere as discussed in |]T5| , a matrix model with mass term 
does not. 



3 Noncommutative gauge theory on noncommutative 
torus 

In this section we consider the second classical solution of our model, a noncommutative 
torus. It is described naturally in terms of unitary matrices (by imposing a condition (|6^)). 
Since eigenvalues of unitary matrices are distributed over S^, a compact spacetime appears 
naturally from the unitary matrices. In this section, in order to treat a compact spacetime 
in terms of hermitian matrices, we decompose a unitary matrix into two hermitian matrices. 
This corresponds to a treatment of a two-dimensional torus embedded into R^. 

The algebra on the fuzzy torus is generated by two unitary matrices U and V which 
satisfy the following relation, 

UV = e'WU (62) 

where 9 = 2tx/N . It is well known that these two traceless unitary matrices are given by 
the following N x N clock and shift matrices. 
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/ 1 



u 



\ / 1 \ 

1 



\ 



V 



\ 1 



where uj = e {u = 1). U and V satisfy 



[/^ = = 1 



and 



uu^ = U^U = 1, VV^ = V^V = 1. 



1 



(63) 



(64) 



(65) 



To embed two-dimensional torus into R^, we decompose these unitary matrices into hermi- 
tian matrices: 



U = yi + iy2 = e* 
V = y3 + iy4 = e' 



(66) 



or 



yi 



(67) 



w = Riu and z = R2V are introduced as noncommutative coordinates on the torus. From 
(|5^) and (pBD, u and v satisfy the following commutation relation: 



(6J 



This is the same relation as the usual flat case. Strictly speaking, such u and v does not 
exist for finite N while U and V exist for finite A^. ( p3D can be rewritten in terms of as 



Commutation relations of y^'s are represented by 

[^1,^2] = 
[^3,^4] = 



(69) 



14 



[yi, Vi] = (cos e - 1)^4^1 + i sin 6*^3^2 
[h, m] = (cos e - 1)^3^2 + i sin 6*^4^1 
[yi, m] = (cos e - 1)^3^1 - i sin 61^4^2 

[m, Vi] = (cos e - 1)^4^2 - i sin 6'y3yi. (70) 

It can be shown that = = RaV^ (a = 1 for /i = 1, 2 and 2 for /i = 3,4) satisfy the 
equation of motion (|^) if we set 

A^ = Y = ^a(l-cos^^) (71) 

where a = 2 for yU = 1, 2 and a = 1 for yU = 3, 4. /5 is a quantity which should be compared 
with a in the previous section. Ra{a = 1, 2) are radii of two cycles of the torus. From (|69D , 
we obtain 

This classical solution preserves 5*0(2) x 5*0(2) symmetry. Hereafter we set Ri = R2 for 
simplicity. 

In the commutative limit, Xf^ becomes the commutative coordinates on the torus: 

xi = Rcosu, X2 = Rsinu, 

X3 = Rcosv, X4 = i?sint>. (73) 



The metric tensor of the torus is 



ds"^ = R^du^ + R^dv^ 

32 „ j_aT ft 



= R'gahda°-da\ (74) 

The Plank constant, which represents the area occupied by the unit quantum on the torus, 
is given by 

= 27iR^e = NP' (75) 

In the second equality, we have assumed large N such that (3 = R9. 

We derive a t/(l) noncommutative gauge theory on a noncommutative torus by expanding 
the matrices around the classical solution: 

A^ = x^ + R^Od^ (76) 
where are propagating fields on the torus. Matrices on the fuzzy torus can expanded as 

N N 



n=0 m=0 
N N 



inu+imv 



n=0 m=0 
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N N 

— ^ ^ ^ ^ Oinm^nm- C^"^) 
n=0 m=0 

Znm forms a complete basis of N x N hermitian matrices, a*^ = a^n-m comes from a 
hermitian condition on a. The ordering of u and v corresponds to Weyl type ordering. 
Functions on the fuzzy torus is expanded in terms of the plane waves as 

N N 

n=0 m=0 

N N 



= J2Y1 (^nmZnmiu,v). (78) 
n=0 m=0 

where same momentum modes are used as (|77p. From the condition (0) which expresses 
the periodicity of the torus, the momentum n and m is bounded at A^. 
Now we consider a map from matrices to functions, 

a — > a{u, v) (79) 

From ([77|) and ([78D, we obtain an explicit map from matrices to functions as 

a{u, v) =Y^ ^Tr{Znma)Znm{u, v). (80) 

The product of matrices is also mapped to the so called star product, 

a ic b{u, f ) = E ^Tr{Znmab)Znm{u, v). (81) 

nm 

To guarantee that this map is one to one, we take large N limit such that typical n is much 
smaller than N. (See also for the correspondence between matrices and functions.) Tr 
over matrices can be mapped to the integration over functions as 

We next consider differential operators corresponding to the adjoint action of Xj. We first 
investigate the adjoint action of U and V . It is calculated as 











nm 








e^"(l -e~*^ 




la 


~ e^^eS^a, 








^imd ^ jjn—1 'Y'm 


nm 








e-™(l - e'^ 




la 


~ -e^"^a„a. 


^ ^ (^nm^ 




(1 


^—ind^jjn-^m+l 


nm 










16 







nm 

^ -e-™(l - e^^(^^"))a ~ e-'^OO^a. (83) 

We have taken a large limit such that n6 ~ ri/A^ ^ 1. After taking this large limit, 
compactness of the torus can not be observed. From these relations, we can obtain the 
adjoint action of xf 

[xu a] ^ -(e'"(l - e-'^^T^'')) + e-'"(l - e^^(T^")))a(M, v) 
1 d 

~ —R9smu{-—)a{u,v), 
i av 

^ 1 d 

~ -R6' cos 'u(-—)a(M, f), 
2 ov 

[X3, a] ^ -^(e'"(l - e-^'^T^")) + e-'"(l - e*^(T^")))a(M, t;) 
1 a 

~ i?6' sinf (-— )a(M, f ), 
z aw 

[X4, a] -^(e™(l - e-'^(T^")) - e-™(l - e''(^^")))a(u, t;) 
1 9 

i?^cost;(-— )a(M,t;). (84) 

I ou 

These are expressed in terms of Killing vectors on the torus as 

^ -if5K';daa{u,v) 

= PTXu,v) (85) 

where /i = 1, 2, 3, 4 and a = u,v. The metric tensor on the torus is also expressed in terms 
of the Killing vectors as 

gab ^ j^aj^b (gg) 

The explicit forms of iC^ are summarized in appendix. The Laplacian on the torus is given 
by 

^ -{Ad{x)fd -J^iR^l - cos{ed^)) + R\1- cos{edu))}a{u, v) 



~ ^idl + dl)aiu,v). (87) 

Then we expand the action (|l]) around the classical solution (|67D as in (^) and apply these 
mapping rule. The action becomes 

S = ——^ — / dwdzFiiv -k F, 
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^9ym 



j dwdz{R^Fi'j,{xia2 + 04X2) — R"^ Fi4^{xsa2 + 03X2) 

-i?^F23(x4ai + 04X1) + R^F2A{x'iai + 03X1) 
+ (T2ai - Ti 02) (03X4 - 04X3) 

+ (T4ai)x2a3 - (T3ai)x2a4 - (T4a2)xia3 + (T3a2)xia4 
+^0402X4X2 + ^0302X3X2 + ia^aiXiXi + ^301X3X1}* 

--—2 — — / dwdz{2{xiX3aia3 + x^Xia^ai + xix^aia^ + x^Xiai^ai 

+X2Xsa2as + XsX2asa2 + X2X4a2a4 + X4X2a4a2) 
+X3aiX3ai + xia3Xia3 + X4aiX4ai + xia^xiai 
+X3a2Xsa2 + X2asX2as + X4a2X4a2 + X2a4X2a4 
+0(6)}, 

1 iV2 



dwdza,, -k a 



where 0{ff) contains terms which are proportional to Q. F^^ is the field strength on the 
torus: 

^12 = ^([^1,^2]), 

As = -^{[^i^M - (cos0- 1)^3^1 +i sin M4A2), 
Fu = ■^^{[AuAi] - (cos^- 1)^4^1 sin M3A2), 

^23 = ^^^([^2,^3] - (COS^- 1)^3^2 -i sin ^^4^1), 

F24 = ^r^([^2, ^4] - (cos^ - 1)^4^2 + isinM3Ai), 

^34 = ^([^3,^4]). (89) 

These are gauge covariant and equal to zero when the fluctuating flelds vanish. The Yang- 
Mills coupling is deflned by 

9ym- 0,j^sn - (27r)2i?6- ^^UJ 

We have so far discussed the U{1) noncommutative gauge theory on the fuzzy torus. A 
generalization to U (m) gauge group is realized by the same way as the sphere case. 

Here we note the gauge transformation of this noncommutative gauge theory. The gauge 
symmetry of the noncommutative gauge theories is embedded in the unitary transformation 
of the matrix model. The gauge transformation in noncommutative gauge theories is ob- 
tained from the transformation around the flxed background. For U = exp(iA) ~ 1 + in 
(0), we obtain 

df, ^ d^-i^[ff„X\+i[X,d^]. (91) 
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After mapping to functions, we have local gauge symmetry 

a^{u, v) af,{u, v) - z-^T^A(m, v) + i[\{u, v), a^{u, v)]^, (92) 

where is a derivative operator which is defined in (|85D. 

In the same way as the fuzzy sphere case, two scalar fields which are transverse compo- 
nents of two cycles of the fuzzy torus is given as follows: 

;{AiAi + A2A2 - XiXl - X2X2) 



4>2 = ^^^{^3^3 + A4A4- X3X3 - X4,X4). (93) 

These scalar fields transform covariantly as adjoint scalars under the gauge transformation: 

(^1 ^ 01 + «[A, 0i] 

02->02 + ^[A,02]. (94) 



We then look at a gauge theory on a commutative torus. From ([75|), a commutative limit 
is taken by 

R = fixed, gYM = fixed, ^ 00. (95) 

In this limit, 0{9) ^ and the star product becomes the ordinary product. Four fields 
contain a gauge field on and two scalar fields 0i and 02- In the commutative theory, we 
can separate in terms of Killing vectors and x^ as 

^) = ^K^baiu, v) + ^Mu, v). (96) 

where i = 1 for /i = 1, 2 and i = 2 for /i = 3, 4. Field strength in (^) can be rewritten in 
terms of the gauge field ba and the scalar fields 0i and 02 as 



F12 — 








Fi3 = 


-^{X2X4Fuv - X2X3{D^(j)2, 


- XiX4(-D«01 


) +XiX3[0i,02]), 


Fu = 


-^{.-X2X3Fuv - X2X4{D^4 


>2) + XiXsiDuq 


^i) + a;iX4[0i,02]) 


F23 = 


■^{-xix^F^^ + xiXs{D^4 


h) - X2X4{Duq 


^1) + a;2a;3[0i,02]) 


-^24 = 


■^{XiXsFuv + XiX4{D^(j)2] 


+ X2X3(D„0i; 


+ X2X4[0i,02]), 


-^34 = 


■^F>u(p2, 







(97) 
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where Fuv = \duhv — + K] and Da = ]^da + [ba, ■]■ Then the action becomes 

^tr / dwdze''^Fah{4>i + ^2) + ^— / dwdz{(f)i(f)2) 
9ym ^ •' 9ym ^ •' 

■ ^ tr f dwdze'^'FabX + TT^^i^^ / dwdz{x^ - ^j^), (98) 



where e^"" = — e^" = 1. In the second equahty, we changed the variable as x = (</>! + (p2)/V2 
and -ip = (01 — 02) / a/2. In the commutative case, the gauge transformation becomes 

ba{u, V) ba{u, V) - daX{u, v) + i[X{u, V), ba{u, v)] 

(j)i{u,v) ^ (f)i{u,v) + i[X{u,v),(f)i{u,v)] (i = l,2) (99) 



for U{m) case and 



bu{u, v) bu{u, v) - duX{u, v) 

(f)i{u,v) ^ (j)i{u,v) (100) 



for f/(l) case. ( pH]) is further simplified for f/(l) gauge group, 

^ = - A 2 04 / d'cx^iFatF-" - AV2t—FabX + 2x^X - 2x' + ^t/jAt/j + 2^'') (101) 
^9ym^ •' \/9 

where 

A = dl + dl (102) 

is the Laplacian on a unit torus. A tachyonic scalar field ip appeared. This tachyonic mode 
may be related to the instability of the matrix model. Since A ~ —{n^ + m?) respects 
5*0(2) X 50(2) symmetry, this action is also invariant under 50(2) x 50(2) symmetry. 

We next consider another large N limit with (3 fixed. In this limit, two radii of a torus 
become large and the noncommutative torus is expected to become a noncommutative plane. 
By virtue of the 5*0(2) x 5*0(2) symmetry we may consider the theory around Xi = R and 
X3 = —R. We rescale as Xi = \f^x[ = -^x\. The commutation relations ( |70D become 

[x2,x;]=i/?2 (103) 

and other commutation relations vanish. Defining x[ = l3Tl, P2 = —I3~^T[ and p'^ = P'^TI^, 
we get 

[x^.x^ = if3^, [P2,P4] = [^2,^2] = -h Wa^P'a] = -i- (104) 
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In the coordinates of x[, the Plank constant is 



{2-nR 



27r/3^ (105) 



N 

where 



i?'2 = OR^ = \(3\ (106) 
We take the following limit which leads to a two-dimensional noncommutative plane, 



(3 = fixed, R' ^oo {N ^ oo). (107) 

The following replacements hold in this case, 

1 f dwdz r dw'dz' r dx^dx'^ 

N ''^ J {2txRY " J {2txRY " J {2nRy ^^^^^ 

and 

A,ij^) i A (109) 

where we have used the fact that X2 ~ Ru and 3:4 ~ —R{v — tt) , {u, v — tt <^ 1) . 

We can regard di and 03 as 0i and 02 respectively. Since the mass term drops in this 
limit, the bosonic part of the action (|l|) becomes (only U{1) case is treated for simplicity in 
the present discussions. ) 



Sb = -^Tr{[T2 + Rd2, T4 + Rd4') + ^Tr{R(f)i[Ti + Rdi, [Ti + Rdi, i?(/)i]]) 



+f-Tr{R<P,[f, + i?a„ [f, + Rd,, i?02]]) - |^Tr([i?0i, i?02] i?02]) 
2g^ 2g^ 

^(^)n-Tr([p; + al,p'2 + ^2]') + Trim + K + 

+Tr(0'2K + K + 0'2]]) - Tr([01, ^'s])} (HO) 



where we have defined 02 = \/6d'^, 04 = 01 = v^0i and 02 = '\/^02- Repeated index 

i takes 2 and 4. This action can be mapped to the following field theory action, 

= -T^{ / d'x'F2,ix)' + / d\'(A0'i(a;))(A0'i(x)) 

+ 1 rfV(A02(x))(A02(a;)) + / rfV[0;,0'2][0'l,02]}^, (111) 

where A = jf^i + K, ■] and F24 = ^d'2^'4 ~ 7^4'^2 + K25'^4]*- 1^ is found that the Yang- 
Mills couphng is gyj^j = An^ g'^ / N"^ . We thus obtained an action of a gauge theory on a 
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noncommutative plane by taking a large N limit with fixed noncommutativity from a gauge 
theory on a noncommutative torus. 

The gauge transformation (92) becomes 



a[{x) —> a^{x) — c^A(x) + i[X{x), a-(x)]^ 

(f)',{x)^(j)'^{x) + i[X{x),(f)',{x)l. (112) 



4 Gauge invariant operators on sphere and torus 



It is shown in 112] that a gauge invariant operator in noncommutative gauge theories can 



have non- vanishing momentum which is proportional to the distance between the end-points 
of the path. (See also 0, |3^, ^ 0.) This section is devoted to the analysis of such gauge 
invariant operators on a sphere and a torus. We are treating two manifolds which have 
different topology, genus zero and genus one. The difference of the topology is discussed. 

We first consider a gauge invariant operator on a noncommutative sphere. From (^ and 
(^), translation on sphere, that is rotation, is realized by the following unitary transformation 

e*^-^"a,(x,)e-*^-^" = a^ix^ + e.^fcAcu^x^) (113) 

for infinitesimal small value Au. This rotation is obtained from the gauge transformation 
(P5|) if we set A = I/jAcUj: 

ai{x) — i> ai{x) + iAujjLjai{x) H eijkAujXk- (114) 

pa 

Now let us study a gauge invariant operator on the sphere. For simplicity we consider 
a rotation m x^ = d =constant plane. The generator is L3. A gauge invariant operator is 
made by covariantizing e'x.Y){iL^u^) as 

W =^TreM-AzUJ^)- (115) 
N a 

We now rewrite this as 

N 

= lim i-Tre*^-^^+''"3^^ ■ ■ -e*^-^^"^^"^)^ 

n—^oo _/y 

= lim —Tre'^^^e'P"''^ ■ ■ ■ e'^'^e'^"'^ 
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1 ^ Ul 

lim —Tr TT e*^^"3(a?+f ^3xx)gi|£3 

n^oo N 

m=l 



— exp(i / (i(2;3pa3(f + (2; X a;))**e^^^^ (116) 
47r Jo 

where ks — LOs/a and a; = (0, 0,a;3). Taking account of the fact that the value of Xs takes 
the integer multiple of a (or the half integer multiple of a) , total length of the Wilson line 
is expressed in terms of k'^ — coy a — {lu^ — 2Tr)/a: 



l^27r^p^-d^n^in + ^p^-d^ak'^. (117) 

riyjin is an integer and represent the winding number. This shows that this operator has 
the momentum which is proportional to the distance between two end-points up to winding 
modes and the direction of the momentum is orthogonal to the direction of the path. These 
are characteristic features of noncommutative gauge theories. / becomes 27i\/ p'^ — d'^riyjin 
if we take the commutative limit. The contour becomes closed and / vanishes when d 
approaches p. This shows that the Wilson loops on a commutative sphere is contractable. 
On the other hand, Wilson loops on a torus show a different behavior as considered in the 
next part. 

We next have a discussion of the noncommutative torus. Translation on the torus is 
generated by the unitary operators U and V: 

Ud(x)U^ — d (xi , X2 , cos 9x3 — sin 6x4 , sin 6x1 + cos 6x4) , 

Vd{x)V^ — a(cos^Xi + sin^X2, — sin^xi + cos^X2, £3, X4, ). (US) 

This is also expressed in terms of u and v, 

Ud{u, v)U^ — d{u, V + 9), 

Vd{u,v)V^ ^dlu-e,v), (119) 

where 6 = 2ti/N . These show that U and V are translation operators in the v and u 
direction on the torus by angle 9 respectively. = 1 and = 1 are operators which 
perform full translation around two cycles of the torus. 

For simplicity, we treat a Wilson line operator whose path is extended only with v 
direction. The generalization to an arbitrary path is straightforward. Translation along v 
direction is generated by the unitary operator U. A gauge invariant Wilson line operator is 
obtained by covariantizing the translation operator U as 

= j^Tr{U + Red+)^ (120) 
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where MR9 is length of the path (M is a integer). We rewrite it as follows and show that 
this operator can have momentum which is proportional to the distance between the two 
ends of the contour. 

W = lim — Tr(f/ + i?^a+)^" 

= hm ^Tr{U + R9d+)^{U + R9a+)^ ■ ■ ■ {U + R9a+)^ 

= "J i-Tr f 1 + ^U^R9a, (v + ^9)) (l + ^U^R9a, (v + ^2^)) 
n^oo jV \ fi \ n JJ \ n V n )) 

n \ n 

lim — Tr TT eV^^^«'i+(^'+v™'')[/A^ 

m=l 



expl / i?d^e-*V(t; + ^) *e^'=»'" (121) 



(27ri?)2 

where A;^ = Mj R and the following manipulation are done in the above calculations, 

{U \R9a^)- 
= U^{l + U^R9a+)^ 

= f/^ f 1 + ^U^R9a, 
\ n 

l + -U^R9aJv + ^9\]u^. (122) 
n \ n J J 

We have assumed that R9 = (3 is small. The momentum which is carried by the Wilson 
line operator is not but also k'^ which is defined by the following equation, 

/ = MR9 = ku,R(3 
= 2TiRn^,n + k'^RP, (123) 

because the space of w looks like lattice with lattice spacing R9(= [3). rimn represents the 
winding number. We find that the momentum is proportional to the distance between the 
two end-points of the contour up to winding modes and the direction of the path and the 
momentum is orthogonal. Although there seems to appear a extra factor e~™ in front of a+ 
in (|121|) , it cancels with a factor which comes from a+ in the commutative limit: 

■exp / dv{iK{v + v) + (t)i{v + v))]e'^-'". (124) 



(2nRy 



In the commutative limit the path becomes closed, that is / = 2TTRnwin. This operator 
is the usual Polyakov loop operator. The path is not contractable and is classified by the 
winding number riwin- 
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5 Summary and discussions 



In this paper, we have investigated two noncommutative gauge theories on a fuzzy sphere 
and a fuzzy torus in terms of a four- dimensional bosonic matrix model. By adding a mass 
term to the original matrix model, this matrix model can describe curved spacetime (fuzzy 
sphere and fuzzy torus). By expanding matrices into backgrounds and fields propagating 
on them, we obtained noncommutative gauge theories on the backgrounds. A characteristic 
feature of noncommutative gauge theories or the matrix model is that spacetime and fields are 
treated on the same footing and due to this properties, classical backgrounds are deformed 
by fields on them. 

In the analysis of these noncommutative gauge theories, we discussed two large limits. 
One corresponds to a commutative limits and another corresponds to a large radius limits. 
From the matrix model point of view, these two gauge theories are equivalent. However, 
some differences appeared by taking two large N limits. We first studied the commutative 
limit. By taking this limit, we can obtain commutative gauge theories. Comparing these 
two gauge theories, the difference of the symmetry appeared. 

The advantage of the compact manifolds is that one can construct the solutions in terms 
of finite size matrices while a solution which represents a noncommutative plane cannot be 
constructed by finite size matrices. (From the viewpoint of the field theories, N plays the role 
of the cut off parameter.) We have shown that gauge theories on a noncommutative plane 
are reproduced from gauge theories on a noncommutative sphere and a noncommutative 
torus in a large N limit. 

We also discussed gauge invariant operators on a sphere and a torus. It is well known that 
in noncommutative gauge theories, Wilson line operators can be gauge invariant by carrying 
momentum which is proportional to the distance between the two ends of the contour. In this 
paper we checked whether this fact holds on sphere and torus cases. Because these manifolds 
are compact, the Wilson lines on them have winding modes, which are topologically different 
in these two cases. One is contractable and another is noncontractable. The discussion of 
the topological feature is meaningful only in the commutative limit. Since the propagating 
fields deforms the classical background in noncommutative field theories, the concept of the 
topology in noncommutative field theories is different from commutative field theories. From 
the viewpoint of the matrix model, noncommutative field theories on these manifolds are 
equivalent. By taking the commutative limit, the difference of the symmetry or the difference 
of the topology appeared. 

One of the future problems is to consider noncommutative gauge theories on the other 
noncommutative curved manifolds. The extension to higher dimensional manifolds is a 
interesting problem. Especially four dimensional case is one of them. Since construction of 
four- dimensional sphere in matrix models is already known in it may be possible to 
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do the same discussions as this paper. Other way of the extension to a curved manifold is 
to map onto a complex plane. As analyzed in our previous paper |]TB[, we have obtained 
the normal ordered type basis on the fuzzy sphere by mapping onto a complex plane. After 
mapping to field theory, a product of functions are written by the Berezin product]^. The 
merits of using the Berezin product is that a star product of a noncommutative manifold is 
given if the Kahler potential of the manifold is given. Since the Kaher potential is known 
for more general manifold, it may be interesting problem to consider more general curved 
manifolds from the matrix model point of view. 
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A Killing vectors 

In this appendix, we summarize Killing vectors on 5*^ and T^. 

A.l 52 

Killing vectors on S"^ are given by 

Li = -iK^da (A.l) 

where 

= — sin Kf = — cot 6 cos 

= cos (f) Kt = - cot e sin (A.2) 

Kl = Kt = 1. 

The metric tensor is written in terms of these vectors as 

g^' = K^Kl (A.3) 
further satisfy the following relation. 



P sin 6* ^ 

where g = det gab- 



e.,kK!Kf:^ = -^, = ^ (A.4) 
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A.2 

Killing vectors on are given by 



a 



(A.5) 



where 



= = ~ sin u 

K^ = K^ = cosu 

= sin t; = 



(A.6) 



The metric tensor is written in terms of these vectors as 



(A.7) 
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